Abstract. The second-type derivative nonlinear Schrödinger (DNLSII) equation was introduced as an integrable model in 1979. Very recently, the DNLSII equation has been shown by an experiment to be a model of the evolution of optical pulses involving self-steepening without concomitant self-phase-modulation. In this paper the n-fold Darboux transformation (DT) T n of the coupled DNLSII equations is constructed in terms of determinants. Comparing with the usual DT of the soliton equations, this kind of DT is unusual because T n includes complicated integrals of seed solutions in the process of iteration. By a tedious analysis, these integrals are eliminated in T n except the integral of the seed solution. Moreover, this T n is reduced to the DT of the DNLSII equation under a reduction condition. As applications of T n , the explicit expressions of soliton, rational soliton, breather, rogue wave and multi-rogue wave solutions for the DNLSII equation are displayed.
Introduction
In 1979, Chen-Lee-Liu (CLL) linearized the nonlinear Hamiltonian systems and identified it with the time part of the Lax equation in order to test the integrability of nonlinear Hamiltonian systems by inverse scattering method [1] . Moreover, several integrable equations and non-integrable equations were introduced. Among them, there is a derivative-type nonlinear equation
which is integrable and is usually called Chen-Lee-Liu(CLL) equation or the second-type derivative nonlinear Schrödinger equation (DNLSII). Via the Hirota method, the explicit formula of n-soliton solution of the DNLSII equation was obtained [2, 3] . The Lax pair for the DNL-SII equation was generalized into matrix-type and new integrable coupled derivative nonlinear Schrödinger equations were obtained [4] . The Cauchy problem of the semi-classical DNLSII equation was studied [5] under a rapidly oscillating initial profile. Except the DNLSII equation, there exists another type of DNLS equation, i.e. the first type derivative nonlinear Schrödinger equation (DNLSI) [6] iq t +q xx + i(|q|
which is connected with the DNLSII equation by a simple gauge transformation [7, 8] of form q = q exp − i 2
x |q| 2 dx , with a trivial but very important observation |q| 2 = |q| 2 , the inverse However, the above two reasons are fading fast at the present time, and then from now on the DNLSII equation deserves further studies. Physically, the self-steepening of light pulses, originating from its propagation in a medium with an intensity dependent index of refraction, was first introduced in [25] , and later was observed in optical pulses with possible shock formation [26] . The isolated self-steepening is less common in nature and is often studied in conjunction with self-phase-modulation [14, 15] . In other words, it is very difficult to observe self-steepening alone although a controllable self-steepening has been suggested in theory and demonstrated in experiment in 2006 through the wave vector mismatch [27] . Soon after, at 2007, J. Moses, B. A. Malomed and F. W Wise [17] have reported an experimental manifestation in optical pulses propagation involving self-steepening without self-phase-modulation. This experiment provides the first physical realization of the DNLSII equation, and further shows that the DNLSII equation, like the nonlinear Schrödinger(NLS) equation and DNLSI equation, is also a real and important physical model. Although the gauge transformation (3) gives the expression of q with an integral from a known solutionq, this integral makes the process of getting multi-soliton solutions very difficult. Therefore, it is an interesting problem to seek new solutions, e.g. breather and rogue wave, of the DNLSII equation which are not generated by gauge transformation (3) from corresponding known solutions of the DNLSI equation.
The rogue waves, appearing from nowhere and disappearing without a trace [28] , have drawn much attention both from theoretical predictions and experimental observations. Theoretically, a possible generating mechanisms for the rouge waves of the NLS equation is introduced as follows [29] : the progressive fusion and fission of n degenerate breathers associated with a critical eigenvalue λ 0 creates an order-n rogue wave. The value λ 0 is a zero point of an eigenfunction of the Lax pair of the NLS equation and it corresponds to the limit that the period of the breather tends to infinity. By adopting different approaches, the rogue wave solutions in a variety of integrable equations, such as the NLS equation, the Hirota equation, the SasaSatsuma equaiton, the Fokas-Lenells equation, the Davey-Stewartson equation, and the KP-I equation [30] [31] [32] [33] [34] [35] [36] , have been reported. After the debate for several decades, the rogue wave has been observed experimentally very recently in nonlinear fiber optics, in water-wave tanks, and in plasmas [37] [38] [39] [40] .
These existed results inspire us to seek breather and rogue wave solutions of the DNLSII equation without using the DNLSI equation. We can further show the independent value of this physical model and stimulate new way to observe the rogue waves by using self-steepening effect in optical system. Meanwhile, a rogue wave solution of the DNLSII equation may be used conveniently to observe the self-steepening effect alone because of its high-amplitude and localized property in (x, t) plane. To this end, we are going to construct the DT and its determinant representation of the DNLSII equation, and then use it to generate the intended solutions, i.e. soliton, breather and rogue wave. Although there are several well-known results of DT for the NLS equation [41] [42] [43] [44] [45] [46] and two other types of the DNLS equation [23, 47] , the DT of the DNLSII equation is non-trivial because it includes an complicated integral of seed solution, as we shall show later. This kind of DT for soliton equations has not been reported so far as the authors know.
The present paper is organized as follows. In section 2, we give a detailed derivation of the determinant representation T n of the n-fold DT for the coupled DNLSII equations. Particularly, the first order DT-T 1 depends on an integral of the seed solution, which is different from the usual DT. Through a cumbersome analysis, we eliminate this kind of integral depending on higher order potentials and simplify the expression of the T n . The reduction of the T n to the DNLSII equation is also obtained in this section. In section 3, the soliton, rational soliton, breather, rogue wave and multi-rogue wave solutions are given by applying the multi-fold DT of the DNLSII equation. The relationship between solutions of the DNLSII equation and the DNLSI equation is discussed. Finally, conclusions and discussions are given in section 4.
Darboux transformation
In this section, we will construct the DT of the coupled DNLSII equations
This system is the compatibility condition of the following Lax pair [7] :
with
Under a reduction condition r = q * , two equations (4) are reduced to the DNLSII equation.
The first order Darboux transformation
In general, we suppose
is the first order DT of the coupled DNLSII equations, i.e. there exist U [1] and V [1] which have the same form as U and V with q and r replaced by the new potentials q [1] and r [1] , such that
If so, T (λ) must satisfy following conditions
according to eq.(7). Here a 0 , b 0 , c 0 , d 0 , a 1 , b 1 , c 1 , d 1 are the functions of x and t need to be determined. Comparing the coefficients of λ j , (j = 3, 2, 1, 0) in the x-part of (8), we obtain λ 3 :
Similarly, the t-part of (8) leads to λ 4 :
From (9c), we have a 0 = d 0 = 0 in order to get non-trivial transformation. Therefore, suppose the first order DT is of form form of
The reason of the appearance of λ 1 in eq. (11) is that we shall use the eigenfunction associated with λ 1 to parameterize the coefficients of T 1 with the help of eqs. 
and
then a 1 b 0 = ηH(η is an integral constant).
Proof. By the coupled DNLSII equations (4),
It is obvious that (14) is true, and a 1 b 0 = ηH is a solution of (12). 
To determine the analytic expression of T 1 , introduce n eigenfunctions Φ i corresponding to n distinct eigenvalues λ i as
Let
By setting η = −λ 1 and using the identity a 1 b 0 = ηH in lemma 1, the coefficients of T 1 are parameterized by eigenfunction of λ 1 as
where
Theorem 1. Suppose λ 1 = 0, and define H and Φ 1 as above, then
is a matrix of the one-fold DT of the coupled DNLSII equations. Correspondingly, new potentials are given by
and new eigenfunctions Φ [1] i associated with λ i (i ≥ 2) are given by
Proof. By substituting
comparing the coefficients of λ, eqs. (9) and (10) are verified by using the coupled DNLSII equations (4) and the Lax pair (5).
Usually Φ 1 is called a generating function of T 1 . Note that the specific analytical expression of H includes an integral with respect to the seed solution (q, r), which is different from the usual DT of soliton equations. This feature may result in difficulties in obtaining the Darboux matrix of the multi-fold DT and the explicit solutions of the DNLSII equation. Therefore, the multi-fold DT of the DNLSII equation needs to be studied further.
The second order Darboux transformation
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In this section, we will illustrate the second order DT of the coupled DNLSII equations using the iteration of T 1 , and show how to overcome the difficulty induced by the integral of the seed solutions.
It is clear that the first order DT T 1 , generated by Φ 1 , maps (q, r, Φ i ) to (q [1] , r [1] , Φ [1] i ). In order to do DT again for this new system, set h
, and define H [1] by (13) where q and r are replaced by q [1] and r [1] respectively. By iteration of T 1 once based on (q [1] , r [1] , Φ [1] i ), a one-fold DT is given by
which maps (q [1] , r [1] , Φ [1] i ) to (q [2] , r [2] , Φ [2] i ) as T 1 does in Theorem 1. The generating function of T [1] 1 (λ; λ 2 ) is an eigenfunction Φ [1] 2 associated with λ 2 , i.e., T
Furthermore, the second order DT T 2 is defined by
as a composition of T 1 and T [1] 1 . Note that the kernel of T 2 consists of two eigenfunctions
By direct calculation, T 2 has a simple expression
1 , c [2] 1 are determined by four linear equations (22) according to the Cramer's rule. After the action of DT T 2 on the seed solution (q, r, Φ i ), the second solution (q [2] , r [2] ) is
In the above expression, the integral q [1] r [1] dx in H [1] is not calculable explicitly in general. This is a crucial problem to get explicit form of solutions q [2] and r [2] of the coupled DNLSII equations by DT. We would fail to get higher order DT if we could not overcome this problem, because the more complicated integral like q [2] r [2] dx will appear in it. Fortunately, we find out that
is a constant (a general result will be displayed in the next subsection), so let
= 1 without loss of generality. Thus the two-fold Darboux matrix are as follows.
Theorem 2. The two-fold DT of the coupled DNLSII equations is
and the second order solutions (q [2] , r [2] ) for the coupled DNLSII equations are
The n-fold Darboux transformation
In this subsection, we study the determinant representation of the n-fold DT of the coupled DNLSII equations and overcome the problem induced by the integral of the seed solution.
According to the analysis for T 1 and T
1 , set a chain of DTs as follows:
which gives the j-fold DT in iteration. Here h is generated by Φ
in the same way as T 1 does. The composition of all DTs in eq. (27) gives the n-fold DT of the coupled DNLSII equations
According to (11) and (30), the n-fold DT T n should be in the form of
where In particular
Here
If n is even, then
As mentioned above, T n depends on complicated integrals through
. These integrals lead to a crucial problem to get explicit form of the q
[n] and r [n] . Based on the observation of H in lemma 1, the following theorem provides a general result to eliminate
Proof. We need to prove (
According to Lax pair (5),
i . Hence the sum of the first two terms in (34) is
The third term of (34) can be expressed by
Here we have used (19) and
which comes from (18) and (29) . Hence (34) is true.
On the other hand, according to the t-part of Lax pair (5), the first two terms of (35) are given by
The third term of (35) is
according to (14) and iteration (36) . Moreover, (36) implies
Substituting them into
with Γ = −16if
x . (35) is proved by substituting (37), (38) and (39) with a cumbersome simplification.
= 1 for k = 0, 1, 2, · · · , n − 2 without loss of generality, then
[n]
, if n is odd.
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Namely,
This expression of P 0 shows that many unfavorable integrals in T n are eliminated because of the disappearance of
. But we need to further simplify P 0 because there exist hidden integrals in h
. Since P 0 ∈ D if n is even and P 0 ∈ A if n is odd, it needs to discuss expression of the T n for even n and odd n separately. Here, we define a new kind of Vandermonde-type matrix to simplify the expression of the n-fold DT and the n-fold potentials (q [n] , r [n] ).
• For n = 2k + 1 (k ∈ N)
In particular
Lemma 2. With the parameters defined above,
Proof. Basic step: For n = 1, 2, according to theorems 1 and 2, we have
So eq. (43) is true when n = 1, 2.
Inductive
Step: Now we assume (43) is true when n = k (k ∈ Z + ), that is,
From this assumption we want to deduce
Note that the kernel of T k consists of Φ j (j = 1, 2, · · · , k), i.e., T k (λ; λ 1 , λ 2 , ..., λ k )Φ j | λ=λ j = 0. Substituting the above induction hypothesis (44) into these algebraic equations, we obtain the k-fold DT by the Cramer's rule as
• If k is even,
• If k is odd,
After the action of the k-fold DT, the k-fold eigenfunction Φ
corresponding to
By a direct calculation using the above expression of Φ
By substituting the first equation of (46) into the second equation of (40), and substituting the second equation of (46) into the first equation of (40), we obtain (45) . This means the expression of P 0 in (43) holds for n = k + 1(k ≥ 2). Therefore the lemma is true for arbitrary n(n ≥ 1) according to the principle of mathematical induction.
This lemma shows all unfavorable integrals H
We are now in a position to get the determinant of T n by solving T n Φ j | λ=λ j = 0 (j = 1, 2, · · · , n) with P 0 in (43) and T n in (31).
Theorem 4. With the Vandermonde-type matrices defined above, the n-fold DT of the coupled DNLSII equations is expressed by
if n is even,
• if n = 2k (k > 0)
• if n = 2k + 1 (k ≥ 0)
Corollary 1. The n-th order solutions (q
, generated by T n from the seed solution (q, r), of the coupled DNLSII equations are
if n is odd.
Proof. Substituting the expression of T n in theorem 4 into
and comparing the coefficient of λ n+1 on both sides, we obtain the expression of q
Furthermore, we get the transformed eigenfunctions Φ
[n] j = T n Φ j | λ=λ j (j ≥ n + 1) using determinant representation of T n in theorem 4. Note that Φ
[n] j = 0 (j = 1, 2, · · · , n).
where the subscript n + 1 → j means λ n+1 , f n+1 and g n+1 are replaced by λ j , f j and g j respectively.
Obviously, we have removed the unfavorable integrals H
[k] except the simplest one H in above three theorems for the coupled DNLSII equations. For the widely used two seeds, the vacuum seed and the periodic seed, H is presented in remark 1 under a reduction condition q = r * , so explicit forms of q [n] and r [n] can be calculated by determinant representation of T n . Furthermore, in next subsection, we shall consider how to realize the reduction q
[n] = (r [n] ) * in order to get the solution of the DNLSII equation (1).
The reduction of Darboux transformation
In this subsection, we will discuss the DTs for the coupled DNLSII equations (4) under the reduction condition r = q * , which results in the DTs for the DNLSII equation (1) . To this end, the following properties of the eigenfunctions are necessary.
Lemma 3. Under the reduction condition
with eigenvalue λ k possesses the following properties: Proof. For n = 1, let
. According to (18) we have
Besides, we get
. According to (26) we have
That is, q [2] * = r [2] . In the case n > 2, q
[n] * = r [n] can be verified by iteration of T 1 for n = 2k + 1 and T 2 for n = 2k. Note that each step of iteration preserves the reduction condition.
Solutions of the DNLSII equation
In this section, we shall construct several explicit solutions of the DNLSII equation (1) by applying the determinant representation of T n for the DNLSII equation. We always choose eigenvalues as eq.(50).
Solutions from a vacuum seed by Darboux transformation
Set seed solution q = r = 0, then let H = 1 without loss of generality because H is a constant according to remark 1. By solving the Lax pair (5), we have an eigenfunction
for the eigenvalue λ k .
Case A: Let n = 1 and λ 1 = iβ 1 , then we get
according to eq. (18) . Unfortunately, this is a trivial solution of the DNLSII equation.
Case B: Set n = 2, λ 1 = α 1 + iβ and λ 2 = −λ * 1 . Eq. (26) provides an usual single-soliton solution of the DNLSII equation:
1 becomes a rational single-soliton solution
The trajectory of (53) and (54) Fig. 1. From Fig. 1 (c) , we find the rational single-soliton solution is narrower than the usual single-soliton solution with the same parameters.
Comparing with the solutions of the DNLSI equation generated by DT [23] , these two solutions and their modulses are able to be obtained from the corresponding solutions of the DNLSI equation by inverse gauge transformation (3), because integral in (3) containing square of modulus of solutions are indeed calculable explicitly. This is consistent with the known assertion mentioned in the introduction. So we omit the discussion about higher order soliton solutions of the DNLSII equation.
Breathers from a periodic seed by Darboux transformation
Here, we shall discuss the solutions of the DNLSII equation generated from a periodic solution. In general, set a periodic seed
According to remark 1, H = exp(− 1 4 ic 2 (4 ta + c 2 t − 2 x)) in this case. Solving the Lax pair (5) associated with this seed solution, and separating variables, we get two different solutions corresponding to an eigenfunction λ as
In condition of r = q * , it is obvious that
are also solutions of the Lax pair (5) associated with λ corresponding to lemma 3. Using the principle of superposition, we select the first solution in (56) to get a new solution of the Lax pair (5) with
Next, we shall use this eigenfunction to construct new solutions of the DNLSII equation by means of theorems 1 and 2 under the choices of eigenvalues in eq.(50), or equivalently through theorem 5. Case A: n = 1. Let λ 1 = iβ, the first order solution is obtained through theorem 1 and eq.(50).
In the case 4 a 2 − 16 aβ
gives a soliton solution, which reaches its amplitude |q [1] A | = |2β + c| at x = t. When x → ∞, t → ∞, |q |. If |q [1] B | > |q [1] A |, it generates a dark soliton. Otherwise, it gives a bright soliton with a non-vanishing boundary. Moreover, q 
If K 2 > 0, it reaches its amplitude |c + 4β 1 | at x = 4( β [48] ) is obtained. If K 2 < 0, it reaches its amplitude |c + 4β 1 | at t = 0, i.e., the spacial periodic breather solution (Akhmediev breather [49] ). Three kinds of breather solutions are shown in Fig. 3 to confirm their periodicity. Furthermore, in order to compare with the result [23] of the DNLSI equation, we present an expression of the square of the modulus of a breather solution given by (60) as
It is obvious that |q . Let K goes to zero, then the period of the breather goes to infinity and leave only one peak located around the origin of the (x, t)-plane. Since c = 2β 1 is a common zero of K and the eigenfunction Φ 1 in (58), q [2] 1 in (60) becomes an indeterminate form 0 0
. By adopting L'Hospital's rule for this breather solution at c = 2β 1 , we obtain the first order rogue wave solution q [2] 2 of the DNLSII equation: 2 | 2 is 0 locating at (
Rogue waves from breathers by higher order Taylor expansion
In this subsection, we shall construct higher order rogue waves of the DNLSII equation according to theorems 4 and 5 under double degeneration [32] including eigenvalue degeneration λ j → λ 0 (j = 1, 3, 5, . . . , 2k − 1) and eigenfunction degeneration Φ j (λ 0 ) = 0 in T n with n = 2k.
According to the principle of linear superposition and lemma 3, we construct a new general eigenfunction associated with λ j as
from Ψ 1 (λ) in (56) . Here two superposition coefficients are C 1 = exp is (64) is the same as that in (58) . Note that Φ j (j = 1, 3, 5, · · · , 2k − 1) have the same expression derived from (56) with different eigenvalues λ j . This fact is important to guarantee the degeneration of T n when eigenvalues are the same as a special one λ 0 . It is not difficult to check that λ 0 = −a 2 + ic (a < 0) is only one common zero of eigenfunctions Φ j in (64) and s in (57) . When Φ j be given by (64), let λ j → λ 0 , then theorem 4, theorem 5 and corollary 1 imply that double degeneration occurs in T n , and q
[n] is of indeterminate form 0 0
. By higher order Taylor expansion as in [29, [50] [51] [52] [53] [54] [55] [56] , q [n] generates the k-th order rogue wave of the DNLSII equation. Here n = 2k. 
Here n i = i if i is odd and n i = i − 1 if i is even. This solution has free parameters a, c, l
For convenience, let a = −1 and c = 1 in following all rouge waves. Let n = 4, l 0 = 0 in theorem 6. The second order rogue wave of the DNLII equation is given by
where 
There exists only one free parameter l 1 in these expressions. Here we have set l 0 = 0 without loss of generality, because it only changes the location of the rogue wave with the same profile. Other parameters l j for j ≥ 2 disappear automatically in q [2] because of the limit ǫ → 0. While l 1 = 0, we get the fundamental pattern of the second order rogue wave, whose maximum amplitude is equal to 5 and locates at (0, 0). While l 1 = 100, the second order rogue wave splits up into three first order rogue waves rather than two, which locate at approximately (5.77, 1.74), (3.63, −5.29), and (−9.62, 3.66). The profiles of two second-order rogue wave are plotted in Fig. 5 .
When n increases, more patterns of k-th rogue wave solution can be obtained from theorem 6. For instance, when k = 3, the third order rogue wave with three parameters, i.e. l 0 , l 1 , l 2 , possesses a circular pattern apart from the fundamental pattern and the triangular pattern. Furthermore, set l j = 0 (j = 0, 1, 2), the third order fundamental pattern of the DNLSII equation is given by All patterns of the third order rogue are displayed in Fig. 6 by using formula (65).
Set k = 4 in theorem 6, then q [8] in (65) gives the fourth order rogue wave of the DNLSII equation. This solution possesses as least four patterns: a fundamental pattern, a triangular pattern, a circular-fundamental pattern and a circular-triangular pattern. These four patterns of rogue wave are displayed in Fig. 7 by using formula (65).
All the above-mentioned rogue waves are plotted by using the analytical formulas according to theorem 6. Their validity has been confirmed analytically by a simple symbolic computation. In addition, we have got explicit expressions of other higher order rogue waves and their figures. However, it is too long to write out here. Based on these figures and analytical formulas of the rogue waves, we can provide following conjectures for the DNLSII equation.
Remark 2.
• 1) Under the fundamental pattern, the height of above-mentioned four rogue waves is 3, 5, 7, 9 , respectively. We conjecture that the maximum amplitude of the k-th order rogue wave of the DNLSII equation is (2k + 1)c. Here c is the asymptotical height of rogue wave.
• 2) The degree of the polynomials in above-mentioned four rogue waves is 2, 6, 12, 20 respectively. We conjecture that the degree of the polynomials in the k-th order rogue wave of the DNLSII equation is k(k + 1). [57] [58] [59] for the NLS equation. It is worth mentioning again that the item 2 is not true for the DNLSI equation. This fact shows again that rogue waves of this equation can not be obtained by transformation (3) from rogue waves of the DNLSI equation, because transformation (3) does not change the degree in two related solutions.
Conclusion and discussion
In this paper, the DNLSII equation, which is an important model to describe the propagation of light pulse involving self-steepening without concomitant self-phase-modulation [17] , has been studied from the point of view of the analytical theory for integrable systems. The main results of the paper are: 1) Present the determinant representation T n of the coupled DNLSII equations (theorem 4); 2) Under choice (50) on the eigenvalues and eigenfunctions, T n is reduced to the n-fold DT of the DNLSII equation and q
[n] generated by this reduced T n is a solution of it (theorem 5); 3) Obtain an analytical formula of the k-th order rogue waves for the DNLSII equation (theorem 6). In addition, several breathers and lower order rogue waves are given through analytical expressions and their profiles are plotted analytically in figures. As n-times iteration of the T 1 , these T n of the DNLSII equation include complicated integrals like q [j−1] r [j−1] dx (j = 1, 2, · · · , n). To our best knowledge, this kind of DT is unusual by comparing with known DT for soliton equations. These integrals are not calculable explicitly in general case, and thus result in a
